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Ïðîâåäåíû èñïûòàíèÿ íà ñæàòèå öèëèíäðè÷åñêèõ îáðàçöîâ ñ èñõîäíûìè òðåùèíàìè èç
ìàòåðèàëà òèïà ãîðíûõ ïîðîä (ïóööîëàíîâûé ïîðòëàíäöåìåíò). Ðåçóëüòàòû ýêñïåðèìåí-
òàëüíûõ èçìåðåíèé íàïðÿæåíèé, äåôîðìàöèé è õàðàêòåðèñòèê ïðî÷íîñòè îáðàçöîâ ïîêàçû-
âàþò, ÷òî íàëè÷èå èñõîäíûõ òðåùèí è èõ îðèåíòàöèÿ íå îêàçûâàþò çíà÷èòåëüíîãî âëèÿíèÿ
íà âåëè÷èíó ïðåäåëà ïðî÷íîñòè ïðè ñæàòèè. Èññëåäîâàíî çàðîæäåíèå è ñëèÿíèå òðåùèí íà
ñòàäèè èõ ðîñòà. Ïðîöåññ ðàçðóøåíèÿ îáðàçöîâ èññëåäîâàëè äëÿ ñëó÷àåâ íàëè÷èÿ â èõ öåíò-
ðàëüíîé ÷àñòè îäèíî÷íûõ èëè ïàðíûõ òðåùèí, ðàñïîëîæåííûõ ïîä ðàçíûìè óãëàìè, è ïðèëî-
æåíèÿ îäíîîñíûõ ñæèìàþùèõ íàãðóçîê ê îáîèì òîðöàì îáðàçöà. Íà ïåðâîé ñòàäèè íàãðó-
æåíèÿ íàáëþäàëîñü âîçíèêíîâåíèå ñòðåëîâèäíûõ òðåùèí è èõ ðîñò â íàïðàâëåíèè îñè
îäíîîñíîé ñæèìàþùåé íàãðóçêè. Êðîìå òîãî, äëÿ âòîðè÷íûõ òðåùèí ñ êâàçèêîìïëàíàðíîé
è/èëè íàêëîííîé êîíôèãóðàöèåé õàðàêòåðåí ñòàáèëüíûé ðîñò. Â äàëüíåéøåì ýòè òðåùèíû
ìîãóò ðàçâèâàòüñÿ â íàïðàâëåíèè ìàêñèìàëüíûõ ãëàâíûõ íàïðÿæåíèé. Âûïîëíåí ÷èñëåííûé
ðàñ÷åò îáðàçöîâ ñ òðåùèíàìè ñ ïîìîùüþ íåïðÿìîãî ìåòîäà ãðàíè÷íûõ ýëåìåíòîâ, à èìåííî:
ìåòîäà ðàçðûâà ïåðåìåùåíèé. Ñðàâíèòåëüíûé àíàëèç ðàñ÷åòíûõ è ýêñïåðèìåíòàëüíûõ ðå-
çóëüòàòîâ ïîäòâåðæäàåò èõ äîñòîâåðíîñòü.
Êëþ÷åâûå ñëîâà: îáðàçöû èç ìàòåðèàëîâ òèïà ãîðíûõ ïîðîä, ðîñò òðåùèí, ñëèÿíèå,
ýêñïåðèìåíòàëüíûå ðàáîòû, ïàðíûå òðåùèíû.
Introduction. Experimental works are mainly used to study the crack propagation and
crack coalescence phenomena in brittle substances such as rocks [1–5]. The pre-existing
cracks in rocks are normally under compressive loading and mainly propagated in a stable
manner due to formation of wing and/or secondary cracks [6]. It is mainly expected that the
crack initiation will follow in the direction (approximately) parallel to the maximum
compressive stress [7]. In a crack propagation process of the brittle substances such as
rock-like specimens usually two types of cracks are observed originating from the original
tips of pre-existing cracks (i.e., wing cracks and secondary cracks as shown in Fig. 1).
Wing cracks are usually produced due to tension while secondary cracks may initiate due to
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shear. Therefore, initiation of wing cracks in rocks is favored relative to secondary cracks
because of the lower toughness of these materials in tension than in shear [8].
Wing cracks are usually considered as the emanating tensile cracks that initiate at or
near the original tips of pre-existing cracks and propagate in a curved path (with increasing
load) and the secondary cracks may be considered as shear cracks that may grow from the
original tips of the cracks. Secondary cracks may initiate in two different directions,
coplanar (quasi-coplanar), and oblique to the pre-existing cracks [9, 10].
Many experimental works have been devoted to study the crack initiation, propagation,
interaction and eventual coalescence of the pre-existing cracks in specimens of various
substances, including natural rocks or rock-like materials under compressive loading
[11–17].
Recently, Park and Bobet [18, 19] carried out compression tests on rock-like
specimens with three closed cracks and compared the cracking process in specimens with
open cracks. The differences between open and closed cracks with different geometries are
investigated.
In another research work, Yang et al. [20] analyzed the failure mode and cracking
process of marble specimens containing different pre-existing cracks under uniaxial
compression, investigating the effect of crack geometry and crack coalescence on the
strength and deformation behavior of marble specimens. Janeiro and Einstein [21] also
conducted uniaxial compression tests to investigate the cracking behavior of prismatic
gypsum specimens containing one or two inclusions. In addition, Yang [22] studied the
effect of coplanar crack angle on the strength and deformation behavior in sandstone
samples. The crack initiation and coalescence types containing two coplanar cracks were
observed using photographic monitoring from the tips of pre-existing coplanar cracks. As a
result of this research a relationship between the coplanar crack angle and the crack
coalescence stress was presented. Lee and Jeon [23] applied uniaxial compression test on
three different materials to analyze experimentally crack initiation, propagation and
coalescence of pre-existing single and double cracks. In addition, the crack initiation and
coalescence stresses were investigated in their study showing the crack initiation and
propagation depends on the type of material. Pu and Cao [24] conducted compression tests
on rock-like specimens with closed multi-fissures and investigated the influence of fissure
inclination angle and distribution density on the breakage characteristics of fissured bodies.
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Fig. 1. A schematic view of a pre-existing crack in uniaxial compression.
Various numerical methods have been developed for the simulation of crack
propagation in brittle substances, e.g., finite element method (FEM), boundary element
method (BEM), discrete element method (DEM), etc.
Three important breakage initiation criteria were proposed to study the crack
propagation mechanism of brittle materials: (i) the maximum tangential stress (  -criterion)
[25], (ii) the maximum energy release rate (G-criterion) [26], and (iii) the minimum energy
density criterion (S-criterion) [27]. Some modified form of the mentioned criteria, e.g.,
F-criterion which is a modified energy release rate criterion proposed by Shen and
Stephansson [28] may also be used to study the breakage behavior of brittle substances
[29–31]. Several computer codes were used to model the breakage mechanism in brittle
materials such as rocks, i.e., FROCK code [17], rock failure process analysis (RFPA2D)
code [32], 2D particle flow code (PFC2D) [23].
Single and double cracked specimens (prepared from PCC, fine sand and water) tested
under uniaxial compression to study the stress-strain, strength, and crack propagation
process in rock-like materials. Some of the experimental works are simulated numerically
by a modified higher order displacement discontinuity method and the crack propagation,
cracks coalescence are studied based on Mode I and Mode II stress intensity factors (SIFs).
The experimental results are compared with the numerical results which confirm each other
and illustrate the accuracy and validity of this work.
1. Specimen Preparation and Testing. The cracked rock-like specimens with 60 mm
diameters and 120 mm lengths are specially prepared from a mixture of portland pozzolana
cement (PPC), fine sand, and water.
Table 1 gives the mechanical properties of the rock-like specimens obtained from the
laboratory tests.
Various uniaxial compression tests are conducted on rock-like specimens containing
either one single crack or two random cracks 1 and 2. These cracks are created by inserting
one or two thin steel shims with 10 mm width and 1 mm thickness in the mold (before
casting the specimens) as shown in Fig. 2.
Some of the specimens have a single center crack oriented at 45 from the horizontal x
axis. The specimens with double cracks are prepared in such a manner that the crack 1 is
the same as that of single crack and the crack 2 is oriented at different angles with respect
to the direction of crack 1, i.e., at angles  0, 30, 60, and 90 (in a counterclockwise
direction) as schematically shown in Fig. 3. The uniaxial compressive stress  was
uniformly applied and the loading rate was kept at 0.2 MPa/s during the tests.
Figure 3 demonstrates a schematic view of the geometry of two random cracks (i.e.,
crack 1 and crack 2) with equal lengths 2 10b mm. The locations of cracks are also
determined by positions of the crack tips, i.e., tip 1, tip 2, tip 3, and tip 4, respectively.
Therefore, four specimens are prepared each containing two random cracks, 1 and 2,
as shown in Fig. 4.
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T a b l e 1
Some Mechanical Properties
of the Rock-Like Specimens
Characteristic Value
Uniaxial compression strength (MPa) 28
Modulus of elasticity (GPa) 17
Poisson’s ratio 0.21
Fracture toughness (MPa m 1 2/ ) 2
Fig. 2. A typical mold for rock-like specimens.
2. Experimental Works and Results. The specially prepared specimens are tested
experimentally and the results are used to analyze the stresses and strains of the cracked
specimens. The crack propagation process of the specimens considering the cases of (i)
single crack and (ii) double cracks are discussed in this section.
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Fig. 3. Geometry of two random cracks in a rock-like specimen under uniaxial compression.
a b
c d
Fig. 4. Crack geometries with spacing S  20 mm.
2.1. Stress-Strain Analysis of Cracked Specimens. It is obvious that the cracked
rock-like specimens have a lower strength compared to the intact specimens with no crack.
The stress strain analysis of the cracked specimens containing one or two cracks with
different orientations is of paramount important to study the behavior of the brittle
materials. Figure 5 shows the stress strain curve for cracked specimens containing single
cracks (inclined 45 to the horizontal). The initiation and propagation of wing cracks were
observed is starting from 14.38 MPa and ends up at 26.5 MPa where the specimen
completely broken away. For the cases of specimens containing two random cracks, the
stress strain curve is shown in Fig. 6. The four curves in Fig. 6 are obtained for different
orientations of crack 2 with respect to the direction of crack 1 (i.e., for  0, 30, 60, and
90).
The stresses causing new crack initiation and the crack coalescence were also
observed, respectively (Fig. 7). The ratios of final breakage stress to the uniaxial
compressive strength ( F c ) for the four cases  0, 30, 60, and 90 are given in Fig. 8.
As shown in the Figs. 7 and 8 the stresses of the cracked specimens at different stages of
crack propagation process are increasing for  0 to 45 but decreasing for  45 to
90 , respectively. The lowest value of stress is for the case of perpendicular cracks
( 90 ).
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Fig. 5. Stress–strain curve for rock-like specimens containing single crack (crack 1).
Fig. 6. Stress–strain curve for rock-like specimens containing double cracks.
2.2. Crack Propagation Process of Rock-Like Specimens.
2.2.1. Single Cracked Specimen. Some experimental works have been accomplished
to study the mechanism of initiation and propagation of wing and secondary cracks
emanating from a single 45 center slant crack. Figure 9 illustrates the production of wing
and secondary cracks originating from the tips of the pre-existing center slant crack. The
propagation paths are curved and the wing and secondary cracks are propagating towards
the direction of the uniaxial compressive stress applied to the specimen during the
experiment. As the load increases the wing cracks propagated further and their aperture
increases. The secondary cracks are usually stable cracks propagating after the wing cracks
and may be divided into two main types, i.e., (i) quasi-coplanar secondary cracks
propagating in the plane of the original crack and (ii) oblique secondary cracks propagating
in the plane of wing cracks, i.e., nearly perpendicular to the direction of the original crack.
2.2.2. Double Cracked Specimens. Cracks coalescence phenomenon occurs when the
two pre-existing cracks combine due to propagation of wings and/or secondary cracks
(originating from the tips of the pre-existing cracks) in brittle substances under various
loadings.
In the current experimental works, the wing cracks are instantaneously initiated
quasi-statically (Fig. 10). The development and coalescence of wing cracks may be the
main cause of the breakage paths in rock-like specimens. Then the secondary cracks may
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Fig. 8.  F c ratios versus   0, 30, 60, and 90 (different angles of crack 2 with respect to the
direction of crack 1).
Fig. 7. Stresses of cracks initiation and coalescence process versus different angles of crack 2 with
respect to the direction of crack 1 (  0, 30, 60, and 90).
be developed and coalesced with the wing cracks in a stable manner. As illustrated in Fig. 10,
the experimental tests, demonstrate that the secondary cracks may not always be observed,
but the wing cracks are appeared instantaneously. Wing cracks may start their initiation at
stress levels of about one half of the specimen’s strength. Otherwise, the secondary cracks
are approximately occurred near the peak strength of the specimens, and may extend in an
unstable manner.
Figure 10a–d shows the observed wing cracks propagating toward each other and
causing crack coalescence. Figure 10a–d illustrates four cases of coalescence paths due to
the propagation of the wing cracks that are observed in the experiments.
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Fig. 9. Cracking pattern in the rock-like specimen considering a single crack (crack 1).
a b c d
Fig. 10. Experimental results illustrating the coalescence path of rock-like specimens containing two
cracks: (a)   45 ,   0; (b)   45 ,   30 ; (c)   45 ,   60 ; (d)   45 ,   90 .
3. Numerical Simulation.
3.1. Displacement Discontinuity Method. A displacement based version of the
indirect boundary element method known as displacement discontinuity method (DDM)
originally proposed by Crouch [33] for the solution of elastostatic problems in solid
mechanics is used in this study [34–38].
In this research, a higher accuracy of the displacement discontinuities along the
boundary of the problem is obtained by using quadratic displacement discontinuity (DD)
elements is used. A quadratic DD element is divided into three equal sub-elements that each
sub-element contains a central node for which the nodal DD is evaluated numerically
[29–30].
3.2. Numerical Simulation of the Cracked Specimens. A modified higher order
displacement discontinuity method based on the versatile boundary element method [37] is
used for the numerical simulation of the experimental works proposed in this research to
study the cracks coalescence and crack propagation process of brittle substances under
compressive loading conditions. The four different specimens already shown in Fig. 10a–d
are simulated numerically by the proposed numerical method and the results are shown
graphically in Fig. 11a–d. The linear elastic fracture mechanics (LEFM) approach based on
the concept of Mode I and Mode II stress intensity factors (SIFs) proposed by Irwin [39] is
implemented in the boundary element code and the maximum tangential stress criterion
given by Erdogan and Sih [25] is used in a stepwise procedures (15 steps) to estimate the
propagation path of the propagating wing cracks. The simulated propagation paths are in
good agreement with corresponding experimental results shown in Fig. 10.
Since the experimental analysis of crack propagation is somewhat time-consuming,
expensive, difficult and complex, in this study, some more numerical simulations of crack
propagation process are also accomplished by boundary element method.
As experimentally shown in the previous section, the crack inclination angle in
rock-like specimens has a significant effect on their final breakage.
In the experimental work, the inclination angle of crack 1, 2, in the last molding was
45. The numerical simulation is done for two cases with  0 and 90 (horizontal and
vertical) in which the crack 2 is oriented at different angles with respect to the direction of
crack 1 (i.e., at angles  0, 30, 60, and 90) as schematically shown in Fig. 12.
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a b c d
Fig. 11. Numerical simulation of crack coalescence path for specimens containing two cracks: (a)  
 45 ,   0; (b)   45 ,   30 ; (c)   45 ,   60 ; (d)   45 ,   90 .
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a b
Fig. 12. Geometry of two random cracks considering: (a) crack 1 with horizontal orientation (  0);
(b) crack 1 with vertical orientation (  90 ).
a b c d
Fig. 13. Numerical simulation of crack coalescence path for specimens containing two cracks: (a)  
 0,   0; (b)   0,   30 ; (c)   0,   60 ; (d)   0,   90 .
a b c d
Fig. 14. Numerical simulation of crack coalescence path for specimens containing two cracks: (a)  
 90 ,   0; (b)   90 ,   30 ; (c)   90 ,   60 ; (d)   90 ,   90 .
Figures 13 and 14 present the results of numerical simulation considering different
inclination angles of crack 2 (i.e., at angles  0, 30, 60, and 90). Comparing Figs. 12–
14, it can be concluded that the final breakage path of the pre-cracked specimens may be
affected by crack orientation.
3.3. Effects of Cracks Orientation on the SIFs. The Mode I stress intensity, K I , and
Mode II stress intensity factor, K II , can be normalized as
K
K
b
N
I
I

 	
, (1)
K
K
b
N
II
II

 	
, (2)
the numerical values of the normalized SIFs, K NI and K
N
II near the original tips of two
random cracks are numerically estimated by considering crack 1 with constant inclination
angles,  0, 45, and 90 and crack 2 at different  angles with respect to the direction
of crack 1 (i.e., at angles,  0, 30, 60, and 90). The values of K NI and K
N
II are
obtained for the first step of crack propagation process. Table 2 presents the values of K NI
and K NII at the four tips of the two pre-existing cracks (shown in Figs. 3 and 12).
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T a b l e 2
Numerical Values of K
N
I and K
N
II for the Four Crack Tips of Two Pre-Existing Cracks
(Considering Constant Inclination Angles   0, 45, and 90 and Crack 2
with Different Angles   0, 30, 60, and 90)
Crack inclination
angle
K NI K
N
II
Tip 1 Tip 2 Tip 3 Tip 4 Tip 1 Tip 2 Tip 3 Tip 4
  0 Crack 1
(single crack)
1.0173 1.0173 – – 0 0 – –
  0 0.9535 0.9534 0.9575 0.9575 0.0148 0.0167 0.0155 0.0177
  30 0.9616 0.9741 0.7351 0.6970 0.0028 0.0233 0.3983 0.4070
  60 0.9922 1.0080 0.2628 0.2400 0.0067 0.0167 0.4040 0.3754
  90 1.0181 1.0180 0.0267 0.0374 0 0 0.0011 0.0021
  45 Crack 1
(single crack)
0.5106 0.5106 – – 0.5063 0.5063 – –
  0 0.4945 0.5188 0.5223 0.4977 0.4691 0.4860 0.4872 0.4713
  30 0.5145 0.5189 0.0888 0.0924 0.4965 0.5043 0.2557 0.2448
  60 0.5004 0.5025 0.0747 0.0709 0.5061 0.5017 0.2308 0.2136
  90 0.4324 0.4408 0.5357 0.5078 0.5047 0.5018 0.5137 0.5161
  90 Crack 1
(single crack)
0.0007 0.0007 – – 0 0 – –
  0 0.0008 0.0008 0.0025 0.0018 0 0 0 0
  30 0.0125 0.0078 0.2585 0.2582 0.0200 0.0131 0.4392 0.4393
  60 0.0289 0.0191 0.7682 0.7675 0.0147 0.0109 0.4382 0.4382
  90 0.0352 0.0239 1.0221 1.0221 0.0021 0.0010 0.0004 0.0003
The interaction between the two pre-existing cracks may cause some changes in the
values of the normalized SIFs (at different locations of the cracks).
Therefore, it can be concluded that interaction of the normalized SIFs may be a
significant factor in estimating the initiation, propagation and coalescence of cracks
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Fig. 15. Behavior of K NI versus the changes of  angles with a constant inclination angle   0.
Fig. 16. Behavior of K NII versus the changes of  angles with a constant inclination angle   0.
Fig. 17. Behavior of K NI versus the changes of  angles with a constant inclination angle   45 .
propagating from the tips of pre-existing cracks, and also this interaction may strongly
depends on the positions of the cracks.
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Fig. 18. Behavior of K NII versus the changes of  angles with a constant inclination angle   45 .
Fig. 19 Behavior of K NI versus the changes of  angles with a constant inclination angle   90 .
Fig. 20. Behavior of K NII versus the changes of  angles with a constant inclination angle   90 .
To demonstrate the effect of the second crack (crack 2) on the cracks coalescence and
crack propagation paths, the numerical values of K NI and K
N
II for the first crack (crack
1) in the absence of the second crack (crack 2), i.e., for a single crack are also shown in
Figs. 15–20, respectively.
These numerical results show that the final crack propagation paths may strongly
depend on the inclination of crack 2 (as shown in Table 2 and Figs. 15–20).
Conclusions. Crack propagation mechanism of brittle substances has been studied in
comprehensive experimental and numerical works in the recent years. It is a complicated
process and further research may be devoted to investigate the crack propagation, crack
coalescence and final breakage paths of the rocks and rock-like materials under compression.
In this research, a detailed analysis of the fracturing process of the pre-cracked rock-like
material has been accomplished by experimental tests and numerical simulation. Effects of
fracturing on the strength and stress–strain curves of the pre-cracked rock-like materials
have been discussed. It has been shown that the crack propagation mechanism in brittle
substances due to the cracks coalescence phenomenon occur mainly by propagation of
wing cracks emanating from the tips of the pre-existing cracks. The secondary cracks may
also be produced after the propagation of the wing cracks in the specimens under uniaxial
loadings but it is experimentally shown that the wing cracks are mainly responsible for the
cracks coalescence and the final cracks propagating paths. The same experimental specimens
are modeled numerically by an indirect boundary element method and the corresponding
numerical results are in good agreement with the experimental results. The experimental
and numerical models illustrate well the generation of the wing and secondary cracks, as
well as the cracks propagation paths produced by the coalescence phenomenon of the two
pre-existing cracks. The effects of the stress ratio and orientation of the second crack on the
propagation path and cracks’ coalescence have also been studied numerically in this
research.
Ð å ç þ ì å
Ïðîâåäåíî âèïðîáóâàííÿ íà ñòèñê öèë³íäðè÷íèõ çðàçê³â ³ç ïî÷àòêîâèìè òð³ùèíàìè ç
ìàòåð³àëó òèïó ã³ðñüêèõ ïîð³ä (ïóöîëàíîâèé ïîðòëàíäöåìåíò). Ðåçóëüòàòè åêñïåðè-
ìåíòàëüíèõ âèì³ðþâàíü íàïðóãè, äåôîðìàö³é ³ õàðàêòåðèñòèê ì³öíîñò³ çðàçê³â ïîêà-
çóþòü, ùî íàÿâí³ñòü ïî÷àòêîâèõ òð³ùèí ³ ¿õ îð³ºíòàö³ÿ íå ìàþòü çíà÷íîãî âïëèâó íà
âåëè÷èíó ãðàíèö³ ì³öíîñò³ ïðè ñòèñêàíí³. Äîñë³äæåíî çàðîäæåííÿ ³ çëèòòÿ òð³ùèí íà
ñòàä³¿ ¿õ ðîñòó. Ïðîöåñ ðóéíóâàííÿ çðàçê³â äîñë³äæóâàëè äëÿ âèïàäê³â íàÿâíîñò³ â
¿õí³é öåíòðàëüí³é ÷àñòèí³ îäèíî÷íèõ àáî ïàðíèõ òð³ùèí, ùî ðîçòàøîâàí³ ï³ä ð³çíèìè
êóòàìè, ³ ïðèêëàäåííÿ îäíîâ³ñíîãî ñòèñêàëüíîãî íàâàíòàæåííÿ äî îáîõ òîðö³â çðàçêà.
Íà ïåðø³é ñòàä³¿ íàâàíòàæåííÿ â³äì³÷àëîñü âèíèêíåííÿ ñòð³ëîïîä³áíèõ òð³ùèí ³ ¿õ
ð³ñò ó íàïðÿìêó îñ³ îäíîâ³ñíîãî ñòèñêàëüíîãî íàâàíòàæåííÿ. Îêð³ì òîãî, âòîðèíí³
òð³ùèíè ç êâàçèêîìïëàíàðíîþ ³ (àáî) ïîõèëîþ êîíô³ãóðàö³ºþ õàðàêòåðèçóþòüñÿ
ñòàá³ëüíèì ðîñòîì. Ó ïîäàëüøîìó ö³ òð³ùèíè ìîæóòü ðîçâèâàòèñÿ ó íàïðÿìêó
ìàêñèìàëüíèõ ãîëîâíèõ íàïðóæåíü. Âèêîíàíî ÷èñëîâèé ðîçðàõóíîê çðàçê³â ³ç òð³ùè-
íàìè çà äîïîìîãîþ íåïðÿìîãî ìåòîäó ãðàíè÷íèõ åëåìåíò³â, òîáòî: ìåòîäó ðîçðèâó
ïåðåì³ùåíü. Ïîð³âíÿëüíèé àíàë³ç ðîçðàõóíêîâèõ ³ åêñïåðèìåíòàëüíèõ ðåçóëüòàò³â
ï³äòâåðäæóº ¿õ â³ðîã³äí³ñòü.
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